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significance  and  explanation 


We  consider  nonlinear  heat  flow  in  a  homogeneous  material  in  which  the 
internal  energy  and  the  heat  flux  depend  on  the  history  of  temperature  and  the 
history  of  the  gradient  of  temperature  respectively.  We  prescribe  at  each  time 
t  the  temperature  outside  of  a  domain  N(t)  in  x  space,  and  we  desire  to 
find  the  temperature  inside  h  ( t ) .  For  example,  in  one  space  dimension  imagine 
a  homogeneous  bar  of  a  material  with  memory  such  that  the  temperature  is  main¬ 
tained  at  zero  for  each  time  t  outside  the  interval  [a(t),B(t)]  for  t  t  [0,T], 


A  NONLINEAR  VOLTERRA  EQUATION  IN  VARIABLE  DOMAIN 
Hedy  Attouch^  and  Alain  Damlamian+ 

Consider  a  domain  ft  in  IRn  consisting  of  a  homogeneous  material 
of  "memory"  type.  We  consider  nonlinear  heat  flow  in  P.  ,  prescribing  the 
temperature  outside  of  a  subdomain  ft(t)  of  SI  for  each  time  t  in  [0,T], 
(smooth  dependence  of  ft(t)  with  respect  to  t  is  assumed) .  Using  the  tech¬ 
niques  of  Crandall-Nohel  [1]  for  abstract  Volterra  equations,  and  of  Attouch- 
Damlamian  [1],  Kenmochi  [1]  for  evolution  equations  with  time-dependent  operators, 
we  prove  existence  and  uniqueness  of  the  strong  solution  for  the  above  problem. 

I.  The  physical  problem. 

Let  ft  be  a  bounded  domain  in  lRn  ,  and  for  each  t  in  [0,T]  let  (M 
be  a  strict  subdomain  of  ft  .  Let  us  denote  by  u  =  u(t,x)  the  temperature  at 
time  t  and  position  x  .  For  each  t  ,  u  is  a  prescribed  constant  on  (t); 

for  simplicity  we  shall  assume  that  this  constant  is  independent  of  t  and  wr 
normalize  it  to  zero.  The  history  of  u  is  prescribed  for  t  <_  0  .  The  equation 
satisfied  by  u  is  obtained  as  usual,  from  heat  balance  between  the  internal  oner  : 
E  and  the  heat  flow  Q  which  in  this  case  are  assumed  to  be  given  by  the  followir. 
functionals  of  the  temperature  and  the  gradient  of  temperature  respectively : 

E(t,x)  =»  u(t,x)  +  B(t-x)u(s,x)ds, 

-oo  t 

Q(t,x)  =  -o(Vu(t,x))  +  /  y (t-s) a (Vu (s ,x) ) dx  , 

— co 

where  6  and  y  are  smooth  real  valued  functions  and  t  >_  0  ,  x  e  ft.  For  simplic 
ity  we  assume  here  that  the  history  of  the  temperature  u  is  zero  for  t  <  0;  if 
not  this  would  alter  the  forcing  term  G  in  (1)  below. 
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We  assume  :  to  be  the  derivative  of  a  convex  continuous  coercive  function  J 
H?n  .  (here  we  mainly  follow  Ph.  Clement,  R.  C.  Mac  Camy  and  J.  Nohel  [1,  Soc .  2.-, 
to  which  the  reader  is  referred  for  more  details). 

The  following  physical  hypotheses  are  made-. 

j  1  +  /+°°  S(t)dt  >  0 

I 

(H)  I  1  -  /"  y  (t)  dt  >0 

1  0 

1  +  Re6(in)  >  0  for  all  n  e  IR  . 

The  heat  balance  equation  can  be  transformed  from  the  form 

[u(t,x)  +  (6*u)(t,x))  -  div  [o  (Vu  (t,x) )  -  y*o  (Vu)  (t,x)  ]  =  h(t,x) 
to  the  nonlinear  Volterra  equation: 

(I)  u  +  £»u  =  c  *  divo(Vu)  +  G 

where  *  denotes  convolution  with  respect  to  time  on  [0,+°°] 
t 

( (a*b) (t)  =  /  a(t-s)b(s)ds)  , 

0  t 

c(t)  =  1  -  /  y (s)ds 
0  t 

G (t  ,x)  =  u  (x)  +  j  h(s,x)ds  ,  with  the  prescribed  "boundary”  condition: 
0 

(B.C)  u(t,x)  =  0  for  x  in  n\(2(t)  , 

and  u(0,x)  =  uQ (x)  ,  a  given  function.  Defining  p  as  the  resolvent  kernel  of 
p+8+8*p  =  0,  where  by  assumptions  (H)  one  easily  shows  that  p  e  ^(0,+®)  , 

(1)  is  seen  to  be  equivalent  to  the  Volterra  equation 

(2)  u  +  b  *  Au  =  F  on  [0,T]  ,  where 

b  =  c  +  p  *  c 
F  =  G  +  p  *  G  and 

Au  =  -div  o(Vu)  for  u  satisfying  (B.C). 

Using  Attouch-Damlamian  [1],  one  can  see  that  for  each  t  e  (0fTl,  A  to¬ 
gether  with  the  "boundary  condition"  at  time  t  is  the  subdifferential  of  a  lower 

t  2 

semicontinuous ,  convex,  proper  function  v?  on  L  (0),  namely 


0 


I  /  J(7u(x)!dx  u  £  H1  O'.)  ul"'{t)  “ 

.■‘M  ■  |  " 

+»  otherwise. 

(J  is  a  "primitive"  of  a).  Therefore  (2)  is  a  special  case  of  the  following 

2 

abstract  Volterra  equation  in  the  Hilbert  space  H  =  L  (fi)  : 

(3)  u  +  b  3s?t(u)  3  F  t  €  [0,T]  . 

In  the  following  paragraph  we  prove  an  existence  and  uniqueness  theorem  for  (3) 
in  an  abstract  setting;  we  return  to  the  original  problem  in  the  last  section. 

II .  The  Abstract  theorem 

(2.1)  Theorem  1 

Let  H  be  a  real  Hilbert  space  and  ^*"^£[0  T]  a  of  lower-semi- 

continuous  proper  convex  functions  from  H  into  satisfying  the  following 

time  dependence  condition  (where  k  is  a  positive  constant) : 

V0<_s^_t<_T  ,  V  z  £  D(^S)  3  z  e  D(^fc)  such  that: 

(K)  •  [z-zj  <  k  |  t-s  |  (|*s(z)|*  +  |  as  |  +  1) 

n 

^fc(z)  <_s5S(z)  +  k  |  t-s  |  (1+  j  z  |  +  *s(z)) 

Assume  that  b  is  Lipschitz  continuous  on  10, T],  with  b’  £  BV(0,T;IR)  ,  b(0)  =  1. 
12  0 

Let  F  be  in  W  '  (0,T;H)  with  F(0)  €  D(^  ).  Then,  there  exists  a  unique  solution 
u  of 

(2.2)  u  +  b  *  3>ft(u)  3  F,  belonging  to  W^,2(0,T;H)  with  t  H-  i^t(u(t))  in 

oo 

L  (0 ,T)  . 

Proof  of  Theorem  1 

We  use  the  same  transformation  of  the  problem  as  Crandall-Nohel  [1]  to  reduce 

(2.2)  to  (2.3)  : 

+  3^t(u(t))  3  [G (u) ] (t) 
u(0)  =  F  (0) 

with  G (u) (t)  =  F' (t)  +  (r  *  F’)(t)  +  b' (0)u(t)  +  r(t)F(0)  -  (u  *  r')(t)  where 
r  £  BV(0,T;1R)  is  defined  by 


(2.3) 


-3' 


r  +  b' 


-b' 


Here  also,  one  can  see  that  G  maps  C([0,T],*H)  into  L  (0,T;H)  and  satisfies: 

t 

(2.4)  Vu ,v  e  C([0,T];H)  Vt  e  [0,T]  II G (u) -G (v)ll  <_  /  y(s)llu-vll  ^  ds 

IT(0,t;H)  0  L°°(0,S;H) 

where  y(s)  =  |r(0)|  +  var  ^  gj(r).  (cf.  Crandall-Nohel  [1],  Theorem  4.)  on  the 

other  hand  from  Kenmochi  [1] ,  Yamada  [1]  and  Attouch-Damlamian  tl] ,  assumption  K 

2  0 

implies  the  existence  and  uniqueness  -  for  all  f  in  L  (0,T;H)  and  uQ  in  D(»") 
-  of  the  solution  u  for 


(2.5) 


+  3v’t(u(t) 


u(0)  =  u 


0  * 


12  t 

Such  u  is  in  w  '  (0,T:H)  and  the  function  t  }►  ^  (u(t))  is  bounded.  Further¬ 


more,  the  mapping  S:  (f  ,uQ)  }*■  u  satisfies: 


(2.6) 


V  u  =  S(f ,uQ)  ,  v  =  S(g,vQ) 

llu"vl1  co  i  IU0-v01h  +  11  f‘gl1  1 

L  (0,t;H)  L  (0,t,H) 


Combining  (2.4)  and  (2.6)  with  a  fixed  point  theorem,  one  concludes  the  proof  of 
Theorem  (2.1). 

Remark 

1)  Making  use  of  the  regularizing  effect  in  (2.5),  one  can  weaken  some 

0  1  2 

hypotheses  of  Theorem  (2.1),  namely  f(0)  e  D(*  ),  F*  e  L  (O.TjH) ,  </t  F’  e  L  (0,T;H) 

The  conclusion  is  weakened  to  u  e  C((0,T]jH),  e  L2(0,T;H),  t  }*•  t^t(u(t)) 

dt 

is  bounded. 

2)  Using  results  of  Attouch-Damlamian  [1]  one  can  slightly  generalize  the 
time  dependence  condition  (K)  assuming  that 

¥0^.sltlT  Vze  D(*8)  3  *  e  DteS  such  that 

|«-«|H  <.  |a(t)-a(s)  |  (|*8(z) |*  +  | z  |  +1) 

V>t(z)  <_  <ps  (z)  +  (e(t)-e(s) )  (1  +  |z|  +  *8(z>) 

is  in  (0,Tj  JR )  and  e  is  an  increasing  function. 


where  a 


III.  The  Physical  Problem. 


We  now  give  sufficient  conditions  on  (2(t)  so  that  the  physical  problem 
falls  into  the  framework  of  Theorem  2.1,  i.e.  for  conditions  (K)  to  hold. 

(3.1)  Proposition 

Assume  that  there  exists  a  Lipschitz  continuous  mapping  9  from  [0,T]  ir. 

the  open  set  (in  C^(S1))  of  -  dif  feomorphisms  of  ft  such  that  for  all  t  , 

ft(t)  =  0(t)ft(O).  Assume  further  that  the  convex  function  J  has  a  quadratic  be- 

+  * 

haviour  at  infinity,  i.e.  there  exist  ci'C2'C3  belonging  to  IR  such  that: 

(3.2)  V  r  e  IRn  c^ | r  |  2  -  c2  <_  J  (r)  _<_  c3  ( |  r  | 2  +  1)  . 

Then  (K)  is  satisfied. 

Proof  of  Proposition  (3.1) 

We  give  it  for  convenience  (for  more  details,  see  Damlamian-Kenmochi  til). 
Let  us  denote  0  =  0  1  ;  for  zQ  in  H^(£2(0)),  put  z(t,y)  =  zo(0(t,y)).  Cl*,  a ! 


z(t)  e  Hq (ft  (t) )  , 


3z 

at 


(t,y) 


3z 

l  ~  (0(t,y)> 
i  3xi 


L2(ft) 


<  M 


l2  (ft) 


36. 

IT  (t'*>  • 


(where  we  use  the  Lipschitz  property  of  the  map  t  0  (t ) 


V  t  e  [0,T]  llz(t)  -  z  II  <_  Mt  II  Vz  II 

L  (ft)  L  (ft) 

from  which  we  get 


hence , 


llz(t)  -  z  II  < 

°  L^ft)  ” 


A  similar  computation  yields 


(t)  -  z  (s )  II  ,  <  c^Mlt-slftc  Jn|)  +  |  <J>S  (z  (s)  |  ^ 

L2(fi)  ”  1  L  2  -I 


-5- 


'~*je  second  condition  in  (K)  we  denote  by  *_  (t,y)  the  Jacobian  matrix  of 
-  (t.y)  (with  respect  to  y  )  and  by  a(t,x)  =  (t , - (t  ,x) )  ,  r(t,x)  =  [dets(t,x 
Then , 

;fc(z(t)  -  i°UQ)  =  j  { J  (a  (t  ,x)  7zq  (x) )  c  (t  ,x)  -  J  ("zQ  (x) )  ;dx 

=  /  J(a7zQ) (S-l)dx  +  /  j(a7zQ)  -  j(VzQ)dx  . 

Since  llu(t,x)  -  III  „  <  Kt 

oo  M  — 

L  (f.;£  (IR  )) 


|  =  (t,  •)  -  1  J  <  Kt 
l  (r:) 

i j |  <_  m(j  +  i) 

I  3 J  (r ) (  <_  C( jr ]  +  1)  (the  two  last  inequalities  follow  from  3.2) 
one  deduces 

»t(z(t))  -  $°(z0)  1  MKt  /(J(oVz  )+l)dx  +  /llo-lll  |Vz  (x)|*|3j(o7z  ) 

a  n  0  0 

Since 

/  J(aVz  )dx  <_  /  J(Vz  )dx  +  /  |3j(aVz  )  |. II  o-lll*|  7zrt|dx 

ana  0  0 

yt(z(t))  -  4>°  (Z  )  MKt  [  /  (J  (Vz  )  +  l)dx  +  Kt  /  |  3j  (aVz  )  |  •  |  Vz  Idx] 

a  a  0  0 

+  Kt  /  | VzQ (x) |.|3j(aVz0) |dx 
£  MKt  1 4>°  (z  )  +  K*  /  |  8J  (aVz  )  |  •  |  Vz  |  dx  +  K"]. 

ft  u  0 

But  |  3j(aVzQ)  |  •  |vzQ|  <_  C(|aVzQ|  +1)  (|vz  | 

1  C’ (J(VzQ)  +1)  so  , 

4>fc  (z  (t) )  -  <J>°  (zQ)  <_  At  [<^°  (z0>  +  1]  ,  as  above  this  extends  to 
v  0  i  s  £  t  <_  T  <f>t(z(t))  -  <f>3  (z  (s) )  <_  \  (t-s)  [$s(z(s)  +  1]  . 

Remark 


The  previous  results  can  be  extended  to  the  case  where 

V  r  e  C1jr|p  -  C2  <_  J(r)  <_  C3(|r  |P  +  1)  for  some  p  >_  2  . 


dx. 
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